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Abstract
A solid withdrawn from a liquid bath entrains a film. In this review, after recalling the predictions and results for
pure Newtonian liquids coated on simple solids, we analyze the deviations to this ideal case exploring successively
three potential sources of complexity: the liquid-air interface, the bulk rheological properties of the liquid and the
mechanical or chemical properties of the solid. For these different complexities, we show that significant effects
on the film thickness are observed experimentally and we summarize the theoretical analysis presented in the
literature, which attempt to rationalize these measurements.
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1 Introduction
In our daily life, we all experienced that jumping off a
swimming pool results in the formation of a water film
on our body (Fig. 1). Beyond this curiosity, coating of
solids is of crucial interest in many industrial applica-
tions. In the middle of the twentieth century, a particular
motivation came from the fabrication of photographic or
motion-picture films, which are composed by almost ten
layers of materials [1]. The production of these films con-
sists in coating emulsions on a flexible support hardened
after cooling and drying. The different parameters con-
trolling the coating thickness were not understood and
the development was based on empirical observations [1].
More generally, liquid films on solids are important also
for lubrication, rollers in printing technologies, coating of
wires or optical fibers [1, 2, 3]. Nowadays, many techno-
logical challenges rely on developing new coatings to im-
prove material performances. For instance, unique prop-
erties of optical glasses come from the superimposition of
different layers to provide optical thin film performances
[4]. Therefore, it is a real technological challenge to con-
trol the homogeneity and thickness of the different coated
layers.
In 1922, Goucher and Ward carried out experiments to
create liquid coatings on solids and to propose a dimen-
sional analysis governing the Physics of this phenomenon
[5]. While the solution of the hydrodynamics problem for
regular boundary conditions at interfaces and under cer-
tain flow regimes has been proposed in 1942 by Landau
and Levich [6] and then Derjaguin [7] in 1943, the with-
drawal of a solid material from a liquid bath is still a
very active subject of research, almost a century later
after the first study. The motivations to pursue studies
on this subject originate from the variety and the com-
plexity of liquid and solid properties, which are crucial to
rationalize the quantity of liquid deposited on the solid.
Figure 1: Jump of a water polo player to catch the ball,
which entrains a water film on his body. Creative Com-
mons By 3.0, Marie-Lan Nguyen.
In this review, we explore studies done during the past
century on the coating of plates and fibers. First, we
briefly recall the physical mechanisms of film coating
with pure Newtonian liquids on smooth solids in con-
dition of total wetting in several hydrodynamic limits,
which have been treated thoroughly by theoreticians and
experimentalists. We also present a summary of the ex-
perimental techniques that have been used. To account
for the challenges leading the actual research, we analyze
the literature by considering three sources of complexity
that may arise: the liquid-air interface, the bulk rheolog-
ical properties of the liquid and the mechanical or chemi-
cal properties of the solid. We show that the properties of
bulk and interfaces are decisive for coating processes and
that their impact on coating still contains open questions.
We choose to do not focus on the so called Bretherton
problem [8, 9] consisting of bubbles moving in capillary
tubes. Despite similarities exist between this geometry
and the coating of a plate, the richness of this specific
problem and the refinements that have been proposed
recently would make our analysis more difficult to dis-
cern.
2 Seminal studies: pure Newto-
nian liquids coated on simple
solids
The coating of plates or fibers is commonly called the
LLD configuration after three of the pioneering re-
searchers who made the first theoretical derivations,
namely Landau, Levich and Derjaguin. In this section,
we recall the scaling arguments in different hydrodynam-
ics limits: in the visco-capillary regime (the Landau-
Levich regime), in presence of gravity (the Derjaguin
regime), in presence of inertia. We assume that the liq-
uid is pure, Newtonian and is a perfectly wetting liquid
for the solid. For more detailed presentations of these
regimes, the reader can refer to these reviews [10, 11]
and we redirect the reader to these references [10, 12] for
full derivations as we choose to recall only the scaling
laws giving the liquid film thickness. Finally, we end this
section with a presentation of experimental techniques
used in the literature to study the LLD problem.
2.1 Shape of a static meniscus on plates
and fibers
When a solid plate is partially immersed in a liquid bath,
a static meniscus rises up the solid. In the situation of to-
tal wetting, the height hm of the static meniscus is given
by the equilibrium between hydrostatic and capillary
pressures. Therefore, the meniscus height is hm =
√
2`c
where the characteristic length `c is the capillary length
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Figure 2: Coating of a solid pulled at a velocity V outside a liquid bath in a plate (left) or a fiber (right) geometry.
At the bottom, in the static meniscus, the interface is the same than in a static situation. The liquid is sheared
in the dynamic meniscus, whose length is `. A film of constant and uniform thickness h0 is formed between this
dynamic meniscus and a wetting zone.
defined as
`c =
√
γ
ρg
, (1)
where γ is the liquid-air surface tension, ρ the liquid den-
sity and g the gravity acceleration. If the plate is replaced
by a thin fiber, the capillary pressure has two contribu-
tions, respectively due to the vertical curvature, which
is set by the capillary length `c, and to the azimutal
curvature set by the radius b of the fiber. To quantify
the relative importance of both curvatures, the Goucher
number [5] is defined as the ratio of these two length
scales as
Go =
b
`c
. (2)
For small Goucher numbers, the curvature due to the
capillary length is negligible and the height of the menis-
cus becomes
√
2b. In the following, we will refer to fibers
when the radius of curvature of the solid material is such
as b h, i.e. Go 1.
2.2 The Landau-Levich regime
Let us consider that a plate or a fiber is pulled out of the
liquid of viscosity η at a constant velocity V and present
the seminal experimental and theoretical results. From
a dimensional analysis, Goucher and Ward showed that
the relevant numbers to describe the film thickness h0 on
fibers are h0/b and the capillary number
Ca =
ηV
γ
, (3)
which compares the viscous and the capillary forces
[5]. From experimental measurements on a flat surface,
Morey obtained that the film thickness scales as V 0.63
[13].
A theoretical derivation of the film thickness in the sta-
tionary regime has been proposed by Landau and Levich
in 1942 [6]. This description relies on the decomposition
of the film in four domains depicted in Fig. 2. Close to
the bath, the liquid interface position nearly corresponds
to the static meniscus. Above the bath and along the
solid, a film of constant thickness h0 is coated on the
solid ending at the wetting zone, which has a length-
scale comparable to the capillary length. The domain
between the static meniscus and the flat film is a tran-
sition zone called the dynamic meniscus in which the
liquid is sheared. The thickness profile of the film in this
domain is denoted h(z) as shown in Fig. 2. The wetting
zone does not enter in the original description proposed
by Landau and Levich and we discuss its importance in
Sec. 5.
From physical analysis, the flow in the dynamic menis-
cus controls the entire dynamics of the liquid film and,
in particular, its thickness. At sufficiently small pulling
velocity, inertia and gravity can be neglected. The shear
stress τ is essentially viscous and scales as τ = ηγ˙ ∼
ηV/h0. The resulting viscous stress gradient is balanced
by the capillary pressure gradient ∂∂z
(
γ ∂
2h
∂z2
)
ηV/h20 ∼ γh0/`3, (4)
where ` is the length of the dynamic meniscus obtained
by matching the curvatures of the static and the dynamic
menisci. The curvature of the dynamic meniscus scales
as h0/`
2. For a plate, the curvature of the static meniscus
is 1/`c such that
`p ∼
√
h0`c. (5)
For a fiber, as explained in the previous paragraph, the
typical curvature of the static meniscus is 1/b, which
leads to
`f ∼
√
h0b. (6)
We introduce the dimensionless thickness h˜0 = h0/`c in
the plate geometry and h˜0 = h0/b in the fiber geometry.
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Figure 3: Experimental verification of the Landau Levich
prediction (Eq. (8a)) on a plate for a pure liquid (here,
silicon oils of surface tension γ = 20 mN/m). The thick-
ness is plotted as a function of the capillary number and
the solid line represents equation (8a). Figure extracted
from reference [15].
The combination of Eq. (5) with the balance between
capillarity and viscous dissipation given by Eq. (4) leads
to the scaling of the film thickness
h˜0 ∼ Ca2/3. (7)
The missing prefactor in Eq. (7) can be calculated us-
ing an asymptotic matching of the curvature in the static
meniscus [6] with a numerical resolution that provides
the prefator. This full calculation gives
h˜pLLD = 0.94 Ca
2/3 for plates, (8a)
h˜fLLD = 1.34 Ca
2/3 for fibers, (8b)
where we denote hLLD the film thickness predicted in the
Landau-Levich regime normalized by the capillary length
or the fiber radius for plates and fibers respectively.
To present some order of magnitudes, let us take the
example of a silicon oil of density ρ = 800 kg/m3, surface
tension γ = 20 mN/m, and viscosity η = 10−2 Pa·s. For
a velocity of V = 1 mm/s (Ca = 3.3×10−5), the expected
thickness is h0 = 6 µm for a plate and h0 = 140 nm for
a fiber whereas the length of the dynamic meniscus is
expected to be respectively `p ≈ 190 µm and `f ≈ 3 µm.
The length of the dynamic meniscus is therefore much
smaller than the one of the static meniscus.
Many experiments have been carried out to ensure the
validity of Eqs. (8a) and (8b). However, as we explain
in the following sections, small discrepancies can appear
due to more subtle bulk or interfacial effects. Thus, only
few published works are accurate enough to validate this
result [10, 14, 15, 16, 17, 18]. An example is shown in
Fig. 3 [15].
2.3 The Derjaguin regime
Gravity has been neglected in the previous derivations
and we expect that gravity is negligible only if ρg  γ h`3 .
This condition together with Eq. (5) leads to a limit
Ca1/3 ∼ 1 above which, gravity is not negligible. Consid-
ering a small effect gravity for Ca1/3 < 10−1, we expect
that the Landau-Levich prediction is valid for Ca < 10−3.
Thus, gravitational effects appear at large pulling veloci-
ties and this regime is called the Derjaguin regime [7] and
an experimental evidence is observed in Fig. 3 where the
deviation from the LLD law is visible above Ca ∼ 10−2.
If gravity dominates capillarity, the balance between
viscosity and gravity gives ηV/h0 ∼ ρgh0. Introducing
the definitions of the capillary number (3) and the cap-
illary length (1), we obtain for a plate
h0 ∼ `c Ca1/2. (9)
The transition between the Landau-Levich regime
(Eq. (8a)) and the Derjaguin regime has been studied in
detailed by White and Tallmadge [19]. Their incorrect
approximation [20] of the normal stress was corrected by
Spiers et al [21]. De Ryck also proposed a scaling in the
visco-gravitational regime [22]. These different theories
give slightly different predictions. Most of them com-
pare reasonably well with experimental data [19]. Note
that in presence of gravity, a maximum can be exhibited
when the thickness h˜0 is plotted versus Ca. This strik-
ing feature has been observed both numerically [23, 19]
and experimentally [21] but no qualitative explanation
is given by the authors. In 1982, Wilson [3] recovered
the LLD regime by a proper expansion of the different
terms in the Navier-Stokes equation instead of neglecting
a well-chosen term in the different regimes.
2.4 Effect of inertia
In the Landau-Levich problem, inertia appears in the di-
mensionless form of the Navier-Stokes equation with the
Weber number We = ρV
2`c
γ = Re Ca [24, 25, ?]. This
appears naturally if the different parameters are made
dimensionless using the following scales: the pulling ve-
locity V for velocities, the capillary length `c and h0
respectively for the the lengths in the z and x direc-
tions and γ/`c for the pressure. The Weber number is
indeed the right parameter to quantify inertia since it
compares inertia to capillarity. The inertia contributes
to the film thickening because the plate velocity is in the
upward direction and has to be compared to the capillary
suction, which is the main thinning mechanism. In the
literature, the Weber number is not always the param-
eter exhibited by the authors because they use different
definitions of the Reynolds number [22, 26, 27]. In par-
ticular, in some cases, the Reynolds number is defined
using the film thickness, which depends on the pulling
velocity. This leads to a slightly different prefactor of
the inertial term in the Navier-Stokes equation.
The inertial regime at small capillary numbers has
been well described by de Ryck and Que´re´ [22]. The
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Techniques Plates Fibers
Weighing [13, 20, 16]
[30, 31, 32]
[23, 33, 34,
35, 36, 37]
Volume variation [38, 39]
Galvanometer [40, 2, 21]
Micrometric screw [40, 28]
Spectroscopy
Interferometry
Reflectometry
[41, 42, 14]
[17, 43, 18]
Optical distortion [44, 14]
Imaging [40, 42] [45,
46]
Particle Image Ve-
locimetry (PIV)
[28, 47] [30,
31, 32]
Table 1: References to experimental techniques used in
the literature for the two geometries to measure the film
thickness and the velocity field.
regime at large Ca has been explored by different au-
thors. Different numerical resolutions are proposed by
Soroka and Tallmadge [27] or White and Tallmadge [23]
leading to comparable thinning of the coated film com-
pared to the Landau-Levich solution. Kizito et al. mea-
sure a saturation of the thickness at high capillary num-
bers [28]. Esmail and Hummer [29] propose that these
different models only describe partially the experimen-
tal data and that the y-direction (Fig. 2) must be taken
into account to describe the entire inertial problem. The
comparison of their model is in good agreement with the
different data set and their model also describes very well
the data obtained by Spiers et al [21].
2.5 Experimental techniques
In this Section, we present a synthetic view of the differ-
ent experimental techniques of the studies cited in this re-
view. These techniques are summarized in Tab. 1, which
is not intended to be comprehensive.
In several studies, the film thickness is measured by
weighing the withdrawn solid. This simple technique
presents the advantage to work for any kind of non-
volatile liquid and has been used in early studies [13, 23,
33, 36, 37, 34] as well as recent ones [35, 20, 16, 30, 31, 32].
However, an assumption is made on the coating unifor-
mity. This assumption can be verified by withdrawing
solids of different sizes to check that boundary effects
are negligible. A variation of the weighing method con-
sists in measuring the volume variation of the liquid bath.
This approach has been mainly used for fibers for which
a long length of solid can be pulled.
The measurement of the local film thickness can be
achieved by different methods. Early studies used a gal-
vanometer, from which the film thickness is deduced,
knowing the liquid conductivity [40, 2, 21]. For non-
conductive liquid, the alternative consists in using a mi-
crometric screw pushing a needle toward the liquid-air
interface [40, 28]. The contact of the needle with this
interface is then detected by eye. As they require some
adjustments, both techniques are often set up on exper-
imental apparatus where a rotating belt mimics an end-
less solid.
More recently, the film thickness has been measured by
the mean of optical interferometry. The first technique is
monochromatic interferometry with a laser beam [42]. To
obtain an absolute thickness measurement, fringes must
be counted until a reference is obtained by a displacement
toward the contact line. Then, with an estimate of this
final thickness, typically a quarter of the wavelength, the
film thickness can be estimated retrospectively. To cir-
cumvent fringes counting, more recent studies used white
light spectrometry [14, 43, 18, 17]. A white light is shed
on the film and the combination of interferences for dif-
ferent wavelengths allows to retrieve the absolute film
thickness instantaneously. A second optical method has
been developed by Snoeijer et al. [44, 14]. A wire is
placed parallel to the coated film between the film and
the camera, so that the wire and its reflection at the sur-
face of the film are imaged together. Then, by the mean
of optical geometry, the profile of the film thickness is
calculated from the deformation of the reflection of the
wire.
In addition, direct visualization provides also interest-
ing information [47]. In 1958, Van Rossum set up a shad-
owgraphy technique to image the film thickness [40]. Im-
ages have been also used to render the shape of menisci
[42] and the motion of contact lines [46]. The flow visu-
alization has been attempted qualitatively either by ad-
dition of particles or small bubbles [40, 48] and also by
injection of a dye [49]. The quantitative velocity field in
the liquid can be inspected by Particle Image velocime-
try (PIV) [30, 31]. The liquid is seeded with micron-size
particles illuminated by a laser sheet [47] and images are
recorded with a high speed camera. Then, PIV softwares
are used to calculate the displacement field from image
correlation.
3 Effect of the liquid-air interfa-
cial properties
Experimentally, two deviations from the Landau-Levich
predictions are observed in presence of surfactants. As
detailed in the next paragraph, the first one concerns
the pre-factor only and the second one the scaling h˜0 ∼
Ca2/3 itself, where Ca is calculated using the equilibrium
surface tension.
The different experimental systems available in the lit-
erature are summarized in Tab. 2. In some experiments,
the scaling law Ca2/3 is preserved [35, 36, 20, 17, 43]
and only the prefactor varies. Thus, a thickening factor
α = h˜0
h˜LLD
can be conveniently introduced. An overview
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Reference Surfactant Concentrations Geometry
Shen et al [35] BSA (Bovine Serum Albumine) 10−4 %-0.16 % Fiber
Triton X100 0.06-625 cmc Fiber
SDS (Sodium Dodecyl Sulfate) 0.04-83 cmc Fiber
Que´re´ et al. [36] SDS 8 cmc Fiber
Que´re´ et al. [10] SDS 0.01-10 cmc Fiber
Krechetnikov et al.
[20]
SDS 0.25-1 cmc Plate
Delacotte et al. [17] C12E6 (Hexaethylene Glycol
Monododecyl Ether)
0.5-50 cmc Plate
DTAB (dodecyl trimethyl am-
monium bromide)
0.5-25 cmc Plate
DeTAB (decyl trimethyl ammo-
nium bromide)
7.5 and 15 cmc Plate
Mayer et al. [47] SDS 0.25-0.5-1-5 cmc Plate
Table 2: Surfactant molecules and concentrations used in plate or fiber geometry to measure the coated thickness.
Figure 4: Experimental measurements of the thickening
factor versus the surfactant concentration obtained in
two different studies, namely [35] and [36]. Figure from
[35].
of the different experiments available in 2002 is shown
in Fig. 4. In other sets of experiments, the scaling law
h0 ∝ Ca2/3 is no more observed [36, 17, 50]. Most of
the time, deviations occur at capillary numbers close to
Ca ' 10−4, where the thickness increases slower than
predicted by the scaling.
From the hydrodynamics point of view, the replace-
ment of a pure liquid by a solution containing surfac-
tants, particles or polymers mainly affects the liquid-air
boundary condition through the mechanical description
of the interface.
3.1 The boundary condition at the
liquid-air interface
At a liquid-air interface, the boundary condition is the
stress continuity. In the well-known case of a pure liq-
uid, the boundary condition in the direction tangential
to the interface is simply a no-stress boundary condition:
η ∂uz∂x
∣∣
x=h(z)
= 0 where uz the vertical velocity field, x the
horizontal direction perpendicular to the plate and h(z)
is the interface profile (Fig. 2).
In presence of surface active molecules, an additional
stress due to the mechanical properties of the interface
(surface rheology) can appear at the interface which af-
fects the boundary condition [?]. The writing of this
additional term in the general case implies a tensorial
description of the interfacial stress [51, 52, 53]. Conse-
quently, in the following, we present this boundary con-
dition only in the specific geometry of a film pulled out of
a bath. In addition, we assume a translation symmetry
in the y direction such that the problem can be treated in
two dimensions and we also assume that the conditions
to apply the lubrication approximation are met.
The following equation is an attempt to take into ac-
count the different possible stress contributions:
η
∂uz
∂x
∣∣∣∣
x=h(z)
=
solid elasticity︷ ︸︸ ︷
K(E,G) +
Marangoni︷︸︸︷
∂γ
∂z
+
surface viscosity︷ ︸︸ ︷
µ?
∂2us
∂z2
,
(10)
where µ? is a surface viscosity, which is a combination
of the shear and dilational surface viscosities µs and κs
[43] (µ? = µs + κs), and E and G are respectively the
dilational and shear elasticities.
The first term on the right-hand side of Eq. (10) de-
scribes the solid surface elasticity. This term depends
on two parameters, the shear and the dilational surface
elasticities and appears for complex objects at liquid-air
interfaces such as polymers or particles.
The second term on the right-hand side of Eq. (10)
is the Marangoni stress, due to a gradient of surface
tension. For solutions of surface active molecules, any
variation of the surface tension due to advection, surface
diffusion or exchanges between surface and bulk can lead
to a surface tension gradient. As we will see in the fol-
lowing, this is the contribution of the Gibbs-Marangoni
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elasticity that measures the ability of a surface to sustain
surface tension gradients. In pure liquid, surface tension
gradients may originate from temperature gradients. For
instance, evaporation can induce such temperature gra-
dients [42]. Nevertheless, in this section, we choose to
focus on the effect of surface active molecules.
The third term on the right-hand side of Eq. (10) is
due to surface viscosity. This additional stress is due
to the dissipation at the interface, either because of sur-
face/volume exchanges or because of molecular friction
[54]. The surface viscosity thus makes the system more
complex through the apparition of a second derivative of
us in the boundary condition.
3.2 Film thickness for different interfa-
cial boundary condition
In the different studies available in the literature to model
these deviations, some terms on the right-hand side of
Eq. (10) are neglected depending on the approximations
or hypothesis made by the authors. In the following, we
focus on how and when the consideration of each term in
the right-hand side of Eq. (10) can explain the deviations
to the Landau-Levich law.
3.2.1 The so-called rigid limit
For situations in which one of the right-hand term of Eq.
(10) is large compared to the viscous dissipation on the
left-hand side, the interfacial stress can dominate such
that the boundary condition at the liquid-air becomes
V (h) = 0. This limit is often referred as the rigid limit
because the boundary condition is the same as the one
at a liquid/solid interface with the same velocity. In this
limit, the Landau-Levich model still holds (including the
prefactor) provided that the velocity V is replaced by
4V [36], leading to a maximum thickening factor αmax =
42/3 ≈ 2.5, i.e.
h˜0 = 4
2/3h˜LLD. (11)
In Fig. 5, the straight lines have a power 2/3 and the pref-
actors correspond respectively to the Landau-Levich pre-
diction given by Eq. (8a) at the bottom and to the max-
imum thickness given by Eq. (11), which is 42/3 larger.
3.2.2 Effect of the solid surface elasticity
The first term of Eq. (10) in the LLD problem is al-
ways neglected in presence of surfactants. An attempt
to incorporate this term has been done by Homsy et
al. [16, 56] to describe complex interfaces, for instance
in presence of particles or polymers. These authors in-
troduce an expression for K(E,G) that depends on the
bending modulus KB and they predict a scaling law for
the film thickness
h0 ∼ `eEl4/7, (12)
Figure 5: Both graphics represent the dimensionless
thickness h˜0 versus the capillary number Ca in log-log
scale. The straight lines (solid in (a) and dashed in
(b)) represent respectively the Landau-Levich prediction
given by Eq. (8a) (lower straight lines) and the rigid limit
(upper straight lines), which is 42/3 times larger. (a)
Experimental data obtained by pulling a plate out of a
solution of C12E6 at different concentrations c measured
in unity of the cmc. The data are fitted by numerical
simulations of the thickness of the liquid film using the
Marangoni number as a fitting parameter. (b) Numerical
simulations of the thickness of the liquid film entrained
by a plate pulled out of a surfactant are plotted for dif-
ferent values of the Marangoni number. (a) is adapted
from [50] and (b) from [55].
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where `e =
√
KB
ρg and El =
ηV `2e
KB
is the elasticity number
[56]. Their prediction successfully describes the power
law of their experiments with micron size fingerprint hy-
drophobic powder but the prefactor still requires some
refinements [16].
3.2.3 Effect of the Gibbs-Marangoni elasticity
In this section, we will focus on the effect of the sec-
ond term in Eq. (10), i.e. the Gibbs-Marangoni elastic-
ity. Qualitatively, the presence of surfactants leads to a
Marangoni stress at the liquid air/interface because the
expansion of the interface caused by the movement of the
solid is concentrated in the dynamic meniscus [38]. The
surface concentration in surfactants is thus larger at the
bottom than at the top (inset in Fig. 5(a)).
Different authors ([55, 57, 25, 24, 58, 50] among others)
proposed numerical simulations of the effect of Gibbs-
Marangoni elasticity by integrating the Stokes equation
together with the boundary condition given by Eq. (10)
containing only the second term on the right-hand. Dif-
ferent simplifications are reviewed in the following.
Model of insoluble surfactants in absence of sur-
face diffusion In presence of insoluble surface active
objects, the surface concentration Γ(z, t) affects the sur-
face tension through the combination of advection and
diffusion as stated by the mass conservation for the sur-
face active molecules
∂Γ
∂t
+
∂Γ
∂z
.us = Ds
∂2Γ
∂z2
, (13)
where Ds the surface diffusion coefficient of the surface
active object.
To close the problem, a state equation is needed to re-
late the surface tension to the surface concentration. The
Gibbs-Marangoni surface elasticity defined as EGM =
− 1Γ ∂γ∂Γ quantifies the variation of the surface tension with
the surface concentration. By integrating this definition
of EGM, we obtain the following state equation:
γ(Γ) = γ0 − EGM ln
(
Γ
Γ0
)
, (14)
where γ0 is the surface tension at a surface concentration
Γ0.
In absence of surface diffusion, i.e. Ds = 0 in Eq. (13),
a unique control parameter Λ = Ma
Ca2/3
can be exhibited,
which compares the surface and the bulk stress [57, 50].
In this expression, the Marangoni number is defined as
Ma = EGMγ . Ruckenstein [12] also found this control
parameter, without its explicit expression, by adding a
Marangoni velocity to the pulling velocity. In presence of
large surface tension gradients, the Marangoni number is
large and the dissipation mainly occurs at the interface
such that the rigid limit presented in Sec. 3.2.1 is recov-
ered and the scaling law Ca2/3 holds. At high velocity
and/or for small Marangoni numbers, no scaling law can
be obtained [50]. The thickness progressively leaves the
rigid limit and get closer to the Landau-Levich limit (see
experimental data in Fig. 5(a)).
To compare the simulations to experimental data, the
Marangoni number can be used as a fitting parameter
(Fig. 5(b)). However, for a correct understanding, the
obtained Marangoni number must be compared to a mea-
surable parameter and such comparisons are scarce in the
literature. Champougny et al. proposed to work in the
insoluble limit (within the same limit than Park [55] or
Campana [58]) so that Eq. (14) can be used. and EGM
can be compared to experimental measurements of the
surface elasticity performed in a Langmuir through. The
comparison between experiments and theory is surpris-
ingly successful since a model of insoluble surfactants
is used to describe data obtained with soluble surfac-
tants. This is certainly because the surfactants used in
this study have an adsorption time much larger than the
experimental time, so that they can be considered as in-
soluble.
Another lead to compare numerical simulations to
molecular parameters (EGM or ηs) is to use not only the
prediction of the film thickness but also the prediction of
the surface velocity us, which is a direct measurement of
the comparison between the stress at the liquid-air inter-
face and in the bulk. A systematic measurement of this
surface velocity has been proposed by Mayer et al [47].
The authors use a direct visualization of the flow field to
extract this parameter. They obtain a surface velocity,
which is comparable to the pulling velocity V at small
capillary number. This means that the surface rises at
the maximum velocity and that the conditions to ob-
tain the thickness predicted by Eq. (11) are fulfilled. At
higher capillary numbers, the surface velocity decreases,
in agreement with the simulations of Fig. 5(a). They also
measure a surface velocity, which decreases continuously
with an increasing surfactant concentration. A lack of di-
rect measurement of the surface viscoelasticity prevents
a quantitative comparison with their predictions.
Model of insoluble surfactant: effect of surface
diffusion Park [55] gave a comprehensive description
of the problem in the case of insoluble surfactants and in
absence of surface viscosity by adding the surface diffu-
sion. Fig. 5(b) shows the thickness obtained from Park’s
simulations. At small Ca, the thickness is close to the
stress free limit (Eq. (8a), bottom straight line in the
figure). It reaches the rigid case at intermediate Ca
(Eq. (11), top straight line in the figure) before coming
back to the stress free limit at high Ca. The transition
at high Ca has been described in details in the previous
paragraph. The transition at low Ca is due to surface
diffusion that prevents surface tension gradients. An ex-
tension of the model derived by Park including gravity
has been proposed by Zhang et al. [59]. A reasonable
8
agreement with experiments performed using insoluble
surfactants as coating liquid is obtained.
Model of soluble surfactants A set of equations
similar to (13) and (14) can be introduced to describe
the presence of soluble surface active agents but the ex-
changes between surface and bulk must be taken into
account. A flux j of surface active agents between the
bulk and the interface can occur, which can be added to
the right-hand side of Eq. (13) leading to
∂Γ
∂t
+
∂Γ
∂z
.us = Ds
∂2Γ
∂z2
+ j. (15)
In addition, the surface concentration Γ is not anymore
the inverse of the area per molecule A, such that the
Gibbs-Marangoni elasticity is now defined as EGM =
− 1A ∂γ∂A .
The resolution of the hydrodynamics equations with
the different effects of soluble or insoluble surface ac-
tive agents represents a difficult theoretical and numeri-
cal task. The comparison with experimental data is also
complex for the following reasons. First, the parame-
ters describing the surface rheology, namely the surface
viscosity and the surface elasticity, are difficult to mea-
sure experimentally since they depend on the surfactant
concentration and on the characteristic timescale of the
solicitation [?]. Second, the source term j is difficult to
estimate and depends not only on diffusion and advection
in the volume but also on adsorption/desorption barri-
ers at the liquid-air interface. Third, in the case that
these parameters are fitted, the large number of degrees
of freedom possibly makes their estimations unreliable.
Numerical simulations performed by Krechetnikov and
Hosmy include soluble surfactants and predict a thinning
of the entrained film in presence of surfactants [25]. Nev-
ertheless, such a thinning has never been observed ex-
perimentally, neither by the authors [20] nor by others.
Similar simulations have been performed with the same
hydrodynamical ingredients by Campana [58]. These
simulations led to a thickening confirming the experi-
mental results. More recently, Krechtenikov [?] actually
explained that the prediction of a thinning is valid only
if the bulk concentration is maintained constant, which
may be the case at high surfactants concentration. It
seems that ending the controversy needs a complete solv-
ing of the flow field, not only in the thin film region but
also in the bath [?, 47]. In these simulations, the power-
law of the Landa-Levich law is preserved and only the
prefactor is preserved.
3.2.4 Effect of the surface viscosity
The third term on the right-hand of Eq. (10) corresponds
to the effect of surface viscosity on the thickness of the en-
trained film. The Boussinesq number compares the sur-
face viscous stress to the bulk stress and reads Bq = ηsηd
Figure 6: Prediction of the thickening factor depending
on the Boussinesq number. Figure from [43].
with d a characteristic lengthscale. The publications tak-
ing into account this term are scarce, but the global pic-
ture has been depicted by Scheid et al. [43], for which the
main result is given in Fig. 6. By increasing the Boussi-
nesq number, the thickening factor α is going from 1
(Landau-Levich limit) to 42/3 (rigid limit). From an ex-
perimental point of view, it is very difficult to vary con-
tinuously the Boussinesq number bacause, most of the
time, the third term on the right-hand of Eq. (10) (sur-
face viscosity) is most of the time negligible in front of the
second term (Marangoni). Scheid et al identified a situ-
ation, in which the surface viscosity term is predominant
by performing experiments using a solution of dTAB (de-
cyl trimethyl ammoniumbromide). This surfactant has a
high solubility such that experiments can be performed
at very high concentrations (up to 15 times the cmc),
that they compared to their numerical predictions. At
such a high concentration, the surfactant remobilization
[60] is so fast that the Gibbs-Marangoni (and thus the
second term on the right-hand of Eq. (10)) becomes neg-
ligible. No surface tension gradient occur because any
depletion in surfactant at the interface is replaced at a
timescale much smaller than the experimental timescale.
In this particular case, only the third term on the right-
hand side of Eq. (10) is expected to be non negligible.
The fit of the experimental data by the numerical sim-
ulations gives a surface tension ηs = 2 × 10−5 Pa·s·m,
which is consistent with typical values reported in the
literature for ionic surfactants [61, 62]. With the result
obtained by Campana et al. [24], this work exhibits a
second situation in which the power law 2/3 is preserved
and that predicts the thickening factor.
4 Effect of the bulk rheological
properties of liquids
As mentioned in Sec. 2 where we introduce the Landau-
Levich equations, the withdrawal of a solid shears the
liquid in the transition region. For Newtonian fluids, we
used the constitutive equation τ = ηγ˙ where η is a con-
stant viscosity. Therefore, we can expect that the bulk
rheological properties play a significant role in the de-
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Figure 7: Comparison of different theories for n = 0.5.
The parameter T1 is the thickness normalised by the ex-
pression given by Eq. (20). The different plotted models
are presented in the following references: I and II [2], III
[63], IV [64], V [48], VI and VII [65], VIII [66], IX [67].
The figure is extracted from [67].
posited thickness. In this paragraph, we review results
about shear-thinning, viscoelastic and yield stress fluids.
Even if the distinction between these different rheological
properties is often made in the literature, the complex-
ity of non-Newtonian fluids must be retained. Indeed,
combinations of these rheological behaviors can be en-
countered in experiments.
4.1 Shear-thinning fluids
Two constitutive equations are mainly considered to de-
scribe shear-thinning fluids [2, 65, 66, 67, 68, 69]. The
simplest model is the power law model that can be writ-
ten as
τ = kγ˙n or η = kγ˙n−1, (16)
where k is the consistency index and γ˙ is the shear
rate. In this model, the low shear behavior is often non-
realistic. Indeed, a better description of the low shear
behavior consists in imposing a lower viscosity limit η0
than the power law model. The Ellis model can be writ-
ten as
η =
η0
1 + (τ/τ1/2)m−1
, (17)
where η0 is the zero shear viscosity, m a dimensionless
parameter and τ1/2 is the shear stress value at which
η = η0/2.
Gutfinger and Tallmadge extended the Landau-
Levich-Derjaguin theory to power law fluid [2]. The cap-
illary number is generalized for a power law constitutive
equation as
Can =
kh1−n0 V
n
γ
. (18)
Under the assumption of small capillary number, their
model suggests that the film thickness scales as
h0 ∼
(
k2V 2n
γ1/2(ρg)3/2
)1/(2n+1)
. (19)
For n = 1, which corresponds to a Newtonian fluid of
viscosity k = ηs, Eq. (7) is recovered. Gutfinger and
Tallmadge calculated the prefactor that we omit here for
the sake of simplicity and for large capillary numbers,
they obtained
h0 ∼
(
kV n
ρg
)1/(n+1)
. (20)
However, their experimental results indicates that these
relations provide only the order of magnitude and they
overestimate their experimental findings.
Then, Spiers et al. noticed that the comparison of
former studies by Gutfinger, Tallmadge and Groeveld
shows great differences in their predictions [66], as shown
in Fig. 7. In their study, they proposed a new theory
for power law fluids based on the constitutive equation
given by Eq. (16) but also on the Ellis model. Their ex-
periments are performed with Carbopol in water or in
a mixture of water and glycerol, and Separan in water
and glycerol. They concluded that the Ellis model pro-
vides a better estimate of the order of magnitude of the
film thickness. Qualitatively, this thickness is smaller
than the thickness that would be obtained from the LLD
theory for a Newtonian fluid of viscosity η0 as the ef-
fective viscosity is smaller than this value. Nevertheless,
the model proposed by Spiers et al. is not fully satisfy-
ing to predict the experimental results. Such discrepan-
cies might be inherent to the complexity of the rheolog-
ical properties of these solutions as they noticed normal
stresses and elastic behaviors, which are not included in
the theory. In their observations, viscoelasticity tends,
in general, to reduce the film thickness.
Interestingly, Tekic´ and Popadic´ included theoretically
gravito-inertial effects in a model for power law liquids
[67]. In contrast with the previous models, they found
that the coated thickness as a function of the capil-
lary number is not monotonic and exhibits a maximum
(Fig. 7) as noticed for Newtonian fluids in presence of
gravity (See Sec. 2.3). Further refinements have been
proposed for power-law and Ellis models [68, 69] but also
for Carreau and Olroyd-B models [68, 70].
4.2 Viscoelastic liquids
The effect of normal stresses of polymer solutions has
been investigated experimentally and theoretically by De
Ryck and Que´re´ with fibers [34]. To model viscoelas-
tic solutions of flexible polymer chains, they combined
a shear thinning effect and a normal stress difference
ψ1γ˙
2n. Therefore, the constitutive equation is
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τ =
ψ1γ˙2n ηγ˙ 0ηγ˙ − 12ψ1γ˙2n 0
0 0 − 12ψ1γ˙2n
 (21)
with
η =
{
η0 if γ˙ < γ˙c,
kγ˙n−1 if γ˙ > γ˙c,
(22)
where γ˙c is a critical shear rate. Separating the viscous
and the normal stress, they derived scaling laws for the
film thickness
h0 ∼
(
b3k2
γ2
)1/(2n+1)
V 2n/(2n+1), (23a)
h0 ∼
(
ψ1b
γ
)1/(2n)
V, (23b)
for the shear thinning effect and the normal stress effect,
respectively. Equation (23a) is obtained from the balance
between the capillary pressure gradient γh0/`
f 3 and the
shear stress gradient kV n/hn+10 . For Eq. (23b), the cap-
illary pressure gradient is balanced with the gradient of
normal stresses ψ1
`f
(
V
h0
)2n
. For n = 1 and ψ1 = 0, the
scaling for a Newtonian liquid is recovered (Eq. (7)).
For high molecular weight polyethylen oxyde solutions
in a semi-dilute regime, De Ryck and Que´re´ obtained a
swelling effect of a factor between 2 and 8. From the
equations combining shear-thinning and normal stress
effects, they obtained a numerical solution that success-
fully describes their experimental observations and they
attributed the swelling effect to the normal stress of the
polymer solutions. Ashmore et al. derived a formal
matched asymptotic analysis based on a similar consti-
tutive equation to that used by de Ryck and Que´re´, that
they compared to experiments performed in a roller ge-
ometry. They obtained good agreements in the weakly
elastic limit with semi-dilute solutions of polyacrylamide
in a glycerol and water mixture.
Ruckenstein also proposes a scaling analysis on the
coating of fibers with a polymer solution exhibiting a
viscoelastic behavior [12]. The model considers a vis-
coelastic fluid with a characteristic relaxation timescale
θ. The dimensionless number that compares this elastic
timescale to the viscous dissipation timescale is the Deb-
orah number De = θV/b. For large De/Re, Ruckenstein
predicts
h0
b
∼ (Ca De)1/2 =
(
ηθV 2
γb
)1/2
. (24)
Thus, for elasticity dominated flow, the thickness h0
scales as the velocity V . This result is equivalent to the
scaling obtained by de Ryck and Que´re´ with Eq. (23b)
[34].
4.3 Yield stress fluids
Now, we consider a second class of complex fluids: the
yield stress fluids. These materials have the property to
flow above a critical stress and behave as elastic solids
below this threshold. The ratio of forces due to the yield
stress and the surface tension leads to a dimensionless
number τc`c/γ. For a solution of Carbopol, a polymer
that is well-known to behave as a Herschel-Bulkley fluid
under certain conditions, the typical yield stress is about
few tens of Pascals. Thus, considering γ ' 60 mN/m
and τc ' 10 Pa, we have τc`c/γ ∼ 1 such that we can
expect yield stress forces to be significant in dip-coating.
A constitutive equation for yield stress fluids is the
Herschel-Bulkley model described by the set of equations{
γ˙ = 0 if τ < τc,
τ = τc + kγ˙
n if τ > τc,
(25)
where τc is the yield stress, k the consistency index, n the
flow index and γ˙ the shear rate. Below the yield stress
τc, the liquid does not flow and above this critical stress,
the fluid flows with a stress varying with the shear rate.
The specific case n = 1, i.e. no shear-thinning effect, is
referred to as a Bingham fluid and k has the dimension
of a viscosity. The dimensionless number comparing the
yield stress to the stress associated to the liquid flow
(Eq. (25)) is the Bingham number defined as
Bi =
τch
n
0
kV n
. (26)
From a qualitative point of view, a yield stress fluid
flows at locations where the stress is above the critical
stress τc. Therefore, we expect that far from the moving
plate, the material remains at rest and in the bulk of the
solution, near the plate where the stress is maximum, the
material flows across a characteristic thickness that can
be coated on the plate. When the yield stress dominates
over the capillary pressure, the thickness of the coated
layer must scale as the flowing thickness in the bulk.
As theoretical developments for shear-thinning and
viscoelastic fluids are difficult to establish; less studies fo-
cused on yield stress fluids as they often combine in prac-
tice a yield stress and a shear-thinning effect. Therefore,
analytical solutions are limited. In 1964, Derjaguin and
Levi derived an analytical solution for a Bingham fluid,
for an infinitely small viscosity, i.e. k = 0 in Eq. (25) [1].
For this constitutive equation corresponding to a plastic
fluid, the thickness scales as
h0
`c
∼ τ
2
c
ρgγ
. (27)
This equation does not depend on the pulling velocity
as the inviscid fluid assumption makes the constitutive
equation independent of the shear rate. From this solu-
tion, Derjaguin and Levi generalized to viscous Bingham
fluids assuming that the thickness could be written as
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Figure 8: Liquid flow fields for plate withdrawal. (a) Numerics for a Newtonian fluid µ = 2.9 Pa·s (b) Numerics for
a Bingham fluid µ = 2.9 Pa·s, τ0 = 4.0 Pa. (a-b) are from [71]. (c) PIV measurements for a carbopol solution with
τc = 34 Pa, n ≈ 0.35, k = 13.9 Pa·s−n and a plate velocity V = 15 mm/s The figure is extracted from [30] and the
rheological parameters are found in [72].
the sum of a contribution from a Newtonian fluid and a
plastic fluid [1].
Spiers et al. also studied theoretically Bingham fluids
[66] and they obtained an approximate theory that scales
as Ca1/6. This result suggests that the film thickness de-
pends weakly on the pulling velocity. In 1990, Hurez
and Tanguy used a finite element analysis to compute
the dip coating of Bingham fluids on fibers [73]. They
pointed out that the capillary number is not sufficient
to describe the flow in the dynamic meniscus and they
noticed a swelling effect of the meniscus due to the yield
stress. In their simulations, Filali et al. noticed that
increasing the yield stress increases the coated thickness
[71], confirming the swelling effect observed by Hurez
and Tanguy. From these numerical results, they con-
cluded that the film thickness is mainly driven by the
flow along the plate in the liquid bath. A comparison
between Newtonian and Bingham fluids is presented in
Fig. 8(a-b) where we clearly see the localization of the
shear flow near the plate for the Bingham fluid and a
static fluid far from the plate.
Recently, Maillard et al. performed experimental
[30, 31] and numerical [32] studies on the coating of a
plate with yield stress fluids. To obtain a yield stress
fluid, they prepared Carbopol solutions at different con-
centrations. In these studies, the solutions present yield
stress values between 10 and 100 Pa and above the yield
stress, the solutions are shear-thinning, such that they
are well modeled by Eq. (25).
As pointed out by these authors, some cautions must
be taken [32]: (i) the fluid must relax after the immersion
of the plate and before the withdrawal; (ii) the size of
the container must be large enough to avoid wall effects
[31]; (iii) wall slippage can occur on smooth solids [74,
75]. On the specific aspect of wall slippage, Maillard
et al. covered their solid with a waterproof sandpaper
that prevents the shear of a less viscous layer at the solid
surface.
Once the solid is withdrawn, no drainage of the mate-
rial is observed. The shear stress at the solid interface
is the maximum shear stress ρgh. Therefore, for h < hc,
the material does not flow by gravity and this condition
is satisfied in their experiments.
Strikingly, the coated thickness does not exhibit a
strong dependence with the pulling velocity for yield
stress fluids contrary to Newtonian liquids. Neverthe-
less, the authors noticed a thickening at large velocities
and they rationalized their observations with the Bing-
ham number (Eq. (26)) as follow. For small Bi−1, i.e.
small pulling velocities, the coated thickness is about
0.3 τc/(ρg). For Bi
−1 > 1, the coated thickness scales as
h0 ∝ V n/(n+1). From these observations, they deduced
a general empirical expression for the coated thickness
h0
hc
= 2α
(
1 +
(
αnBi−1
))
, (28)
where hc = τc/(ρg). Despite the agreement between the
data and this model, the authors remarked a dispersion
of their measurements that is larger than the typical ex-
perimental uncertainty [32]. Therefore, some parameters
may remain hidden in Eq. (28). Nevertheless, the model
proposed by Derjaguin and Levi for which the coated
thickness is proportional to τ2c (Eq. (27)) can be com-
pared to the empirical Eq. (28). By definition of hc, the
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experimental coated thickness scales as τc, which is in
disagreement with the theoretical prediction [32].
To get further insights in the coating process, the ve-
locity field obtained experimentally from PIV Fig. 8(c)
shows the location of shear. The shear flow is localized
near the substrate in a layer of constant thickness along
the plate and outside this layer, the material is solid.
This thickness increases slowly with the speed of the
plate and Maillard et al. noticed that this flow is the
reverse of the plate immersion. Furthermore, the coated
thickness can be estimated to be about the sheared layer
thickness in the bath minus a counter flow due to grav-
ity in the transition domain. The importance of the flow
in the bath could explain the discrepancy in the exper-
imental conditions with the Levi and Derjaguin model
that focuses on the flow in the dynamic meniscus [32].
However, we can expect a better agreement for fluids
satisfying τc`c/γ  1, i.e. a small perturbation of the
yield stress compared to the capillary stress. This pic-
ture of a fluid layer entrainment seems to capture the
essential part of the coating mechanism for the studied
fluids even if a more details of the flow in the transition
domain would be necessary to model the data.
5 Effect of the solid properties
In the two previous Sections, we respectively commented
on the effects of the liquid-air interface and the bulk rhe-
ological properties of the fluid on the coated thickness.
The third key aspect in coatings concerns the properties
of the solid, which can be separated in two categories: the
surface and the bulk properties. The surface of the solid
material can influence the deposition either by the phys-
ical asperities, which modifies the liquid-solid boundary
condition from the hydrodynamic point of view, or by
the molecular interactions between the liquid and the
solid. Contrary to the effects of the interfacial or the
bulk rheological properties of liquids, the mechanics of
solid substrates has been less investigated to our knowl-
edge but this topic is gaining more and more attention.
Thus, we present some results that can stimulate future
studies.
5.1 Interfacial effects of solids
5.1.1 Rough and textured surfaces
Krechetnikov and Homsy studied the effect of surface
roughness on the film thickness in a dip-coating exper-
iment [20]. Experimentally, they used sanded glass to
produce micron sized grooves characterized afterwards.
For smooth or rough surfaces, below a threshold velocity,
the liquid film ruptures and dewets. First, they observed
that the roughness contributes to a stabilization effect of
the coated film, i.e. the threshold velocity for thickness
measurability is lowered. This effect is attributed to the
amplification of the wetting caused by the presence of
Figure 9: Effect of solid roughness as described by
Krechetnikov et al. [20]. Velocity profile on (a) a smooth
and (b) on a rough surface where the apparent velocity
is larger at the solid interface. (c) The vorticity in the
grooves generates a slip length. The figure is extracted
from [20].
asperities as described by Wenzel for partially wetting
liquid of contact angle smaller than 90◦ [76].
The roughness also has a dynamic effect on the film
thickness. For film thicknesses comparable to the aver-
age roughness height, experimental measurements indi-
cate a deviation to the Landau-Levich law. First, the
surface roughness produces a thicker film than the one
predicted by Landau-Levich (Eq. (8a)). In addition, the
data obtained by Krechetnikov and Homsy scales as
h0 ∼ `c Ca0.6, (29)
where h0 is measured from the top of the grooves.
Krechetnikov and Homsy interpreted the effect of sub-
strate roughness as an enhancement of the production
of vorticity, which can be represented by a slip length
at the liquid-solid interface (Fig. 9). From a theoret-
ical analysis, they show that for small slip lengths (i.e.
small roughness) compared to the film thickness, the film
thickness scales as Ca2/3 whereas for large slip lengths,
the film thickness is proportional to the characteristic
groove height and independent of the capillary number
Ca. For the intermediate regime, they do not anticipate
a power law with their model and further theoretical and
experimental considerations must be address to rational-
ize this regime. Therefore, Eq. (29) is only established
empirically.
While Krechetnikov and Homsy prepared rough sur-
faces with a statistical distribution of grooves, Seiwert
et al. studied a periodic textured surface [18]. Rough
surfaces are prepared on silicon wafers decorated by a
13
Figure 10: (a) Coated thickness h0/`c as a function of
the capillary number. The black dots corresponds to
a smooth substrate and the blue solid line represents
Eq. (8a). The open symbols are data for textured sur-
faces where the thickness counts the liquid in the grooves
and the free film. The horizontal black line is the di-
mensionless height of the pillars hp/`c and the red curve
is the numerical solution of the adapted Landau-Levich
model for a two-layer system. (b) Thickness of the free
film above the pillars as a function of the capillary num-
ber. The solid line corresponds to the LDD thickness
predicted by Eq. (8a). The inset is a sketch allowing to
define hf and hd. The figure is adapted from [18].
square array of cylindrical pillars of diameter d = 3 µm.
The distance between each pillars is 10 or 20 µm and
the pillar height hp is between 1.4 to 35 µm. Coating
experiments are carried out with silicon oil and the film
thickness is reported in Fig. 10(a) for smooth and tex-
tured surfaces. For smooth surfaces, the Landau-Levich
law successfully describes the data and the roughness
significantly modifies this behavior. As for the work of
Krechetnikov and Homsy, the entrained film is thicker
in presence of roughness. At low capillary numbers, the
film thickness converges to the pillar height hp. At large
capillary numbers, the thickness is the sum of the pil-
lars height hp and the Landau-Levich thickness h
p
LLD as
shown in Fig. 10(b).
The difference between the smooth and the textured
surfaces is interpreted by Seiwert et al. to be caused by a
film trapped in the pillars. Therefore, Seiwert et al. pro-
posed a model adapted from the Landau-Levich frame-
work for a two-layer system: a trapped and a free layer.
The resulting differential equation is integrated numeri-
cally and leads to a solution, which is not a power law of
the capillary number Ca contrary to the Landau-Levich
theory (Fig. 10). They predicted the critical capillary
number Cac below which the textured surface entrains a
film,
Cac ∼
(
1 +
h2p
d2
)−3/4(
hp
`c
)3/2
. (30)
In contrast to Krechetnikov and Homsy, Seiwert et al. re-
marked that a slip condition at the surface of the trapped
layer does not model the data.
As we mentioned in Sec. 4.3, Maillard et al. controlled
the interfacial condition of Carbopol solutions, a yield
stress fluid, by using a rough substrate to prevent slip-
page [30, 31]. This slippage is due to a layer of solvent
between the polymers present in the bulk of the solution
and the surface of the solid. Therefore, the roughness
of solid surface can either promote or prevent slippage
depending on the nature of the liquid.
5.1.2 Wetting effects
In the vicinity of small velocities, the film thickness pre-
dicted by Landau-Levich-Derjaguin vanishes. Therefore,
in such low capillary number regimes, the Van der Waals
interactions responsible for wetting phenomena must be
considered [77].
First, we describe the case of perfectly wetting liquid.
Van der Waals interactions can be described by a pres-
sure in the thin liquid film. This pressure is called the
disjoining pressure [77], which can be written as
pi(h) = −ASLV
6pih3
, (31)
for a liquid film on a solid where ASLV is the Hamacker
constant related to the interaction of vapor and solid
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Figure 11: (a) Photograph of a partially wetting liquid
(silicon oil) coated on a surface-modified silicon wafer
and (b) sketch of the liquid film profile. The Landau-
Levich film is observed above the dynamic meniscus and
a thicker ridge due to dewetting is overhanging. The
figure is adapted from [78].
separated by liquid. The Hamacker constant ASLV is
negative resulting in repulsive interactions.
Que´re´ et al. reported experimental results on the coat-
ing of dodecane on polymeric fibers [39]. At small ve-
locities, they observed that the film thickness is constant
with a thickness about 0.5 nm whereas at large velocities,
the film thickness satisfies the Landau-Levich-Derjaguin
prediction given by Eq. (8b). Therefore, for fibers, the
film thickness can be rationalized as
h0 =
(
−ASLV b
6pi γ
)1/3
, V < V0, (32a)
h0 = h
f
LLD = 1.34 bCa
2/3, V0 < V, (32b)
where V0 ∼
(
− ASLV6pi γb2
)1/2
γ
η describes the transition be-
low which Van der Waals forces are significant. Such
effect is more difficult to observe experimentally with
plates because the micrometric size radius of the fiber is
replaced by the capillary length and therefore decreases
V0.
Now, we analyze the coating of partially wetting liq-
uids. Snoeijer et al. revealed that two film thicknesses co-
exist on the solid as shown in Fig. 11 [44, 79, 14, 78]. For
example, in presence of a partially wetting liquid (here
silicon oil on a fluorinated substrate), the larger thickness
is observed for Ca < 10−2. To describe the liquid profile,
they proposed a model that matches the meniscus of the
liquid bath to the Landau-Levich film on one hand, and,
on the other hand a solution that matches the contact
line at the top of the plate with a second overhanging
film. Then, a capillary jump matches the two flat films
and the conservation of mass selects the location of the
transition between the thin and the thick films.
Partially wetting liquids changes not only the structure
of the coated film. Below a critical capillary number, a
solid withdrawn from a liquid bath is dry in contrast
to perfectly wetting liquids [80, 10]. When coated on a
solid, a partially wetting liquid undergoes a dewetting
phenomena [81]. Thus, the entrainment of the liquid by
a moving solid competes with the receding motion of the
contact line.
Derjaguin and Levi assumed that the transition occurs
when the dynamic contact angle of the liquid on the solid
attains zero [1]. However, De Gennes predicted from
thermodynamical considerations that the critical contact
angle is θc = θe/
√
3, where θe is the equilibrium contact
angle [82]. Therefore, the transition between the dry and
the LLD regime is not continuous in terms of contact an-
gles. Sedev and Petrov conducted experiments on glass
fibers with water and glycerol mixtures [83]. They con-
cluded that the threshold corresponds to a zero contact
angle in their experiments in accordance with Derjaguin
and Levi [1]. However, experiments on sliding drops sug-
gest that this angle is non-zero [84].
Maleki et al. also studied the contact line dynamics
of silicon oils on glass cylinders for which the surface is
treated chemically to obtain a partial wetting conditions
[85]. They found a critical angle θc to be a fraction of θe,
reminiscent of the prediction of De Gennes [82]. How-
ever, a Cox-Voinov model applied to these data do not
satisfactorily render quantitatively this transition, but
only qualitatively. On similar systems, but replacing the
glass cylinders by silicon wafer also treated chemically,
Delon et al. drawn the same conclusion on the discontin-
uous transition of contact angles from a dry to a coated
regime [44, 78]. As we have seen that partial wetting
introduces particular conditions to entrain a liquid film,
we consider in the next paragraph the case of elastomeric
substrates, which often make partial wetting and can also
deform under capillary forces.
5.2 Toward deformable solids
Beyond the limit of rigid solids, soft materials have re-
cently gained a large interest since the bulk elasticity
of gels and elastomers can interplay capillary forces [86].
These systems bring new challenges on the description of
soft interfaces and on the coupling between surface and
bulk deformations [87].
When a drop is sitting on a soft material, the gel de-
forms and makes a ridge to reach the equilibrium with
the surface tension (See [88, 89, 90, 91, 92] for recent
works on this subject). Kajiya et al. studied the move-
ment of a contact line on viscoelastic gels by inflating
a drop [45]. The material is mainly viscous at low fre-
quencies smaller than fcross = 10
−3 Hz and elastic at
higher frequencies. As shown in Fig. 12(a), the motion
of the contact line of an advancing drop behaves in three
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Figure 12: (a) Advancing contact line of a drop on a soft elastomer for three different frequencies compared to
fcross. (b) Configuration of a withdrawn elastomer for the three equivalent frequencies. Figure (a) is adapted from
[45] and (b) from [46].
distinct regimes: continuous, stick-slip and continuous
for increasing characteristic frequencies fc = q/(2piR
3)
where q is the inflation rate and R the drop radius. At
low characteristic frequencies f  fcross, the deforma-
tion of the gel follows the motion of the contact line. At
large frequencies f  fcross, the gel does not deform sig-
nificantly as the contact moves rapidly on the surface.
For intermediate frequencies, f ∼ fcross, the deformation
of the gel is concomitant as the contact line advances,
which leads to a contact angle hysteresis due to the as-
perity caused by the deformation [93].
Based on this understanding, Kajiya et al. analyzed
experimentally the motion of the contact line in a dip-
coating geometry [46]. The global dynamic of the con-
tact remains similar to the advancing drop as depicted
in Fig. 12(b). In addition, they noticed that in the stick-
slip regime where the gel is viscoelastic, the stick-slip
is regular at the lowest velocities and erratic at larger
velocities due to localized pinning spots. The reverse
situation where a thin viscoelastic material bonded on
a rigid plate is dipped in a liquid has been investigated
by Pu and Severtson [94]. Similar regular and irregu-
lar stick-slip behaviors has been observed at frequencies
corresponding to the viscoelastic regime of the material.
However, to the best of our knowledge, regimes where
the liquid is entrained on the soft solid has not been
investigated yet. Considering the tremendous interest for
dynamics of wetting on soft solids [95, 96], we can expect
that this problem will be addressed in a near future.
6 Perspectives
In this review, we explored the literature on the coating
of plates and fibers by withdrawing the material from a
liquid bath. First, we recalled the theoretical and ex-
perimental results for a simple Newtonian liquid on a
perfectly wetting and perfectly rigid solid. Then, we ana-
lyzed the existing results through the different parts that
constitute the liquid film: the liquid-air interface, the liq-
uid bulk and the liquid-solid interface. We have shown
that each of these domains can bring various complexities
of different origins such as the physical-chemistry of sur-
factants, the rheophysics of complex fluids, the surface
properties and the mechanics of the substrate. These
complexities have an impact on the boundary conditions,
on the flow field and therefore on the final coated thick-
ness.
The first complexity that we explored is the presence
of objects at the liquid-air interfaces that influences the
coating through the boundary condition at the liquid-
air interface. Different models have been derived corre-
sponding to different limits. The presence of solid liquid-
air interfaces is still almost unexplored despite a pioneer-
ing work by Homsy et al. [56, 16]. The Gibbs-Marangoni
surface elasticity has been taken into account in various
models. The limit of insoluble surfactants successfully
describes deviations from the LLD scaling at high cap-
illary numbers [55, 50]. Campana et al [24] introduced
surfactants solubility, which is promising to explain dis-
crepancies between the LLD prediction and the experi-
ments in terms of prefactors. Surface viscosity has also
been identified as a possible explanation for deviations
in terms of prefactor [43]. A quantitative link between
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the numerical simulations and the chemical parameters
is still lacking in most of the situations.
In addition to the interfacial rheology, the rheol-
ogy of complex fluids makes challenging the compar-
ison between experiments and theoretical predictions.
Indeed, the derivation of hydrodynamic equations be-
comes sophisticated as constitutive equations bring non-
linearities. The experimental confrontation with these
models must be carefully considered since a gap may ex-
ist between the constitutive equation and the effective
behavior of the fluid, either due to some variations or
by additional effects not accounted in the model. For
complex fluids, the flow near solid surfaces can lead to
particular boundary conditions due for example to deple-
tion effects for polymer solutions [97] or to the particular
entanglement structure for polymer melts [98].
The role of the surface roughness remains unclear, es-
pecially regarding the different theoretical approaches of
random grooves [20] and periodically textured surfaces
[18]. The solid roughness must be considered not only
for simple liquids but also for complex fluids where the
boundary conditions mentioned previously can be signif-
icant on the coated thickness. Besides the surface prop-
erties of the solid, its softness might play a significant
effect that remains largely unexplored.
Fluids can be subject to evaporation that not only add
a term accounting for the evaporative flux as evaporation
can also trigger Marangoni flows due to heat transfer [42].
This additional complexity is of importance for coating
processes where polymers and colloids are deposited on
solid surfaces [99]. At low pulling velocities compared to
evaporation speed, a stick-slip motion [100] of the contact
line reminiscent of the so-called coffee stain effect [101]
is observed while at larger pulling velocities, continuous
coatings can be obtained in regimes dominated by LLD
[102, 103]. See [104] for a recent review. In the future,
it would be fruitful to explore how deposition patterns
and coating properties can be tuned by controlling the
interfacial or bulk properties that we presented in this
review.
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